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1 VECTOR FUNDAMENTALS
1.1 Definition and basic rules of manipulation

In mechanics, Newton’s Second Law is writter ma, implying that when a body of
massm is acted on by a forde the body experiences an acceleraddn the same direction
as the forceThis notation is fine so long as we are dealing with a prolaleone spatial
dimension. When faced with a real-world 3D problem, however, we retjuee scalar
equations relating the components of the force in the threesieartgirectionsk,, Fy, F,) to
the corresponding components of the acceleratigmy, a,) :

Fy=ma,, F,=ma F,=ma,.

y ’

Vector methods have been developed as a shorthand so that the tlaeeggadions can be
replaced by a single vector equation relating the vector fotoghe vector acceleratian:

F=ma
Of course, the applications of vector algebra are not restricted to mechanics

For our purposes, we take the definition of a vector as follows :

Vectors are quantities possessing both magnitude and direction wWieghtloe
parallelogram rule of addition.

The parallelogram rule is equivalent to adding the vectors ‘nosél’ted in practice it
is easier to work in terms ofteangle rule of addition :

a+b
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Several vectors can be added geometrically by successive applicationsriafhtyie rule :

Vectors are subtracted by adding the negative of the relevant vegteb: = a + (-b).
Thus, ifa andb are the same vectors as in the diagrams above :

Vectors, like scalars, obey the following algebraic rules :
a+b =b+a
(@+b)+c = a+(b+c)

k(a+b) = ka+ kb (wherek is any scalar constant)

In these notes :

» Vectors will be represented lypright bold type: a

* The magnitude of a vector will be represented by a pair of vertical liags : |
A vector of unit length will be represented by a careta’s a unit vector parallel ta.
Two or more vectors which are perpendicular to each other are saidrthdgonal.
Orthogonal vectors of unit length are said tai@onormal.

The vectorg, j, k are understood to he uniectors in the directions of they, z axes of a
right-handed cartesian coordinate system.
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1.2 Examples of vectors
(i) Position relative to a specified origin.
z

The position vector, illustrated with
respect to a cartesian coordinate system.

X
(i)  Linear displacement. Displacements can be added using the triangle law :

1kmE

1km N
2kmS

Resultant
displacement

(i)  Linear velocity andlinear acceleration.

(iv) Angular velocity andangular acceleration. The angular velocity vectap of a rotating
body is the vector whose :

* magnitude equals the body’s rate of rotatieg.( in radians per second), and
» direction is that in which a right-hand screw with the same spin as the body would

move through a stationary cork.

View with vectorw coming
out of the page

Note that | = | | sir®
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(v) Force. Forces can be added using the triangle law.

(vi) The moment of a force. The vector momentl of a vector force= applied at a point
about an origin O is the vector whose :

* magnitude equals the moment about O, and
» direction is that in which a right-hand screw would move if twisted by the moment.

Vector momeniM has magnitude

/ 0. M| = F| F|sin@

o r \: and direction into the page.

(vii) Thedifferential area on a surface. The differential vector areaAdis a vector whose :

* magnitude equals the ared|df a differential element on the surface, and
» direction is normal to, and outward from, the side of the surface defined as positive.

dA

|dA|

Quantities that have magnitude and direction but do not obey the paralheltayy are
not vectors. For example, the fing@gular rotation of a body is not a vector. This is because
the application of a finite rotatiody about thex axis followed by a finite rotatiof, about the
z axis, say, gives a different result from a rotaler@bout thez axis followed by a rotatiofi;
about thex axis. However, the resultant of two infinitesimaitations &, and &, is
independent of the order of application so that angular velocities gghitnde @,/dt and
do,/dt)do add vectorially (and so angular velocity is a vector).

It is important to appreciate that the magnitude and directi@nvettor is independent
of the coordinate system used to describe it. This is the gigantage of working with
vectors. For example, the statement a + b is completely independent of any coordinate
system. This means that we can manipulate vectors using thefwestor algebra without
specifying a coordinate system. It is only when we come tetidnge of inserting numerical
values that is it necessary to choose a coordinate system.
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1.3 Representing vectors in component form

We can express the magnitude and direction of a vector numenidgilyespect to any
chosen co-ordinate system. For a cartesian system, we setugdlynperpendicular axes y
andz, and defing, ] andk to be vectors of unit length along the axes. A veatoan then be
expressed as a linear combination of the vectprandk :

3

z

a = ai +aj+ azk

X

a1, & andag are called the components afThese alone are sufficient to specify the vector
once the coordinate axes have been defineajsoften represented by,

a, or a (=1223).

The convention is to usergght-handed set of axes, obtained as follows. Draw axes 1
and 2 K andy) at right angles in a plane. Draw axiszBr{ormal to the plane in the direction a
right-handed screw would move were axis 1 rotated to lie on togi®f2a It will now be
found that axis 1 is in the direction a right-handed screw would nfieési2 were rotated to
lie on top of axis 3. Similarly, axis 2 is in the direction éhtiganded screw would move if
axis 3 were rotated to lie on top of axis 1. Note the cyclicrorderotated to 2 gives 3, 2
rotated to 3 gives 1, 3 rotated to 1 gives 2.

Addition of vectors is accomplished by adding components. Thus,
c=a+b = (a+h)i + (ay+by)j + (ag+bg)k

or, alternatively,
G & by a3 +by
G| =|a| + || =|ath
C3 as bs a3 ths
or, more compactly,
G=a +b (=1273)
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2 VECTOR MULTIPLICATION

2.1 The scalar product

The scalar product of two vectasandb is writtena- b and is defined by,
a-b = p| p|cosB

where® is the included angle.
b .°
a

The scalar product can be thought of as :

* The magnitude c& multiplied by the component &fin the direction of, or
* The magnitude ab multiplied by the component afin the direction ob.

In forming the scalar product, we take two vectmd end up with a scaléa single number).
It can be seen from the definition that the order of the vectorsridesatter,b-a = a-b.
Also, the scalar product obeys the so-catliesttibutive law,

a-(b+c) = a-b + a-c

If a andb are orthogonal, cd&=0 soa-b = 0.

If aandb are parallel, co8=1 soa-b = |a||b].

If a andb are anti-parallel, cd8=-1 soa-b = —|a||b]|.

The unit vectors in cartesian coordinates therefore obey the followingmnslaps :
iei = joj = kek =1
i«j = j-k = ki =0
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If we express the vectoesandb in cartesian form and multiply out, we obtain,
a-b = (a +a,j +ak)-(bi+byj+bk) = ab, +aby +ab,
In particular,

a-a = (a, +ayj +ak)-(a, +ayj +ak) = af + a§ + af S

It is very easy to form the scalar product numerically as shown by this exampl

= (Ix4) + (2x2) + (1x3) =11

RN P
L]
w N A

The scalar product is anvariant. This means it takes the same value whatever twiel
system is used. If, in the above example, we hadldé to use 3D polar rather than cartesian
coordinates, the componentsabandb would be different but the scalar product would st
be 11.

As a physical example of the use of the scalatlycbsuppose a vector forEemoves a
body a vector distanag not necessarily in the same direction as thesforc

The component df parallel to the direction of motion does work ae body but the normal
component makes no contribution. Hence, the worledwy the force is,

W = F|lcosBld| = F«d
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2.2 The vector product

Thevector product of two vectorsa andb (written axb or aCb and pronounced
‘a cross b’) is defined to be a vector whose maglatis given by

laxb| = | |b|sin®

where® is the included angle between the vectors (suahtkx 180 when the
tails of the vectors are made to coincide). Thedlion ofaxb is perpendicular
to botha andb, such that if we rotata to lie on top ofb, the direction of motion
of a right-handed screw is in the directionaofb .

axb

In forming the vector product we take two vectarsl obtain another vectdt can be seen
from the definition that the order of the vect@smportant and that,

bxa = —axb
Like the scalar product, the vector product obégsdistributive law,
ax(b+c) = axb + axc
If a andb are orthogonal, si6E=1 so dxb| = |a] p|.
If a andb are parallel or anti-parallel, sth=0 so g xb| = 0.

The unit vectors in cartesian coordinates obeydhewing relationships :
ixj =k, ixk =i, Kxi =]
jxi ==k, kxj =-i, ixk =-j

ixi =0, jxj =0, k xk

I
o
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Expressing the vectoesandb in cartesian components and multiplying out, wiaioh
axb = (g + ay] + agk) x (byi + byj + bsk)

= (aghs - aghy)i + (aghy - aybs)j + (ayb, - aby)k

Like the scalar product, the vector product is mavat; its value does not depend on the
coordinate system used.

In the above form, the cartesian expansionaéds is quite difficult to remember. The
result can be found in the mathematics data bookhgueasiest way of getting the cartesian
components correct is to remember the representatiaxb as a determinant (see later if you
don’t know what a determinant is) :

i ] k
a a 8 a & a
aXb:a1a2a3:ib22b33_jbllb33 kbllbz
2

by by by

(aghs - aghy)i + (aghy - aybs)j + (b, - azby)k

The following are examples of the use of the veptoduct :

(i) The vector area of a parallelogram :

vector area

a

The magnitude of the area of the parallelograrfhis= p| p| sin6. The vector area (direction
out of the page) is,

A =axb (The order is important)
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(i) The vector moment of a force :

Moment about O f

is required \

Point of application of force

The magnitude of the moment about O of the fétcapplied at a point on the body defined
by the position vectar, is M = |F| f| sin8. The vector moment (direction into the page) is,

M =rxF (The order is important)

(i) The velocity at a point in a rotating body :

When a body rotates with angular veloadityas shown, the magnitude of the velocity at the
point specified by the position vectolis | = || F| sinB. The vector velocity (direction as
shown) is,

V=xr (The order is important)

10
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2.3 The scalar triple product

-

4 7

The parallelepiped shown above is defined by tineet vectors, b andc. The area of
the base idxc (with direction ‘upwards’). The volum¥ of the parallelepiped (a positive

&

&

= a-(bxc)

scalar quantity) is therefore,

V = fj|coslbxc| =

a-(bxc) is known as thecalar triple product. In fact, the brackets are unnecessary as the
expressiona-bxc could not be evaluated in any other way.

The volume can be evaluated using any two of #wors to form the base. Hence, we

deduce that changing the vectors around in cyalderodoes not change the value of the

scalar triple product because,
a-(bxc) = ce(axb) = b.(cxa) =V

Changing the cyclic order, however, changes the sighe scalar triple product,
= =V

a-(cxb) = b.(axc) = c-(bxa)
From the above relationships we obtain,
a-(bxc) = ce(axb) = (axb)-c

which shows that we can interchange thand thex in a scalar triple product without
affecting the value. Because of this, the scalpfetiproduct is sometimes writtea,p,c] as

there can be no ambiguity.
Note that §,b,c] = O if the three vectors are coplanar (the pelepiped volume is zero).

11
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2.4 The vector triple product

The other possible combination of three vectorshévector triple product, ax(bxc).
The result of this operation gives a vector whigloithogonal to the vectoesandbxc. We
can derive an important vector identity for simylify calculations where the vector triple
product appears. We do this by consideringxtf@ 1) component in a cartesian expansion :

[ax(bxc)]y

a, (bxc)z — ag(bxc),

ay (biCy - by¢y) — ag(bscy -bycz )

(a2Cy +asC3)by — (agh, +aghs)

(G +aCy +a3C3)ly — (ayhy + agh, +agbs)cy

faecb - (a- b)cs

Note the clever trick in line 4 wheegb;c; was both added and subtracted. The same result is
obtained for the 2 and 3 components (by symmedng,hence we obtain the identity :

ax(bxc) = (a-c)b — (a-b)c
If, instead, the first two vectors are bracketed,easily find that,

(axb)xc = —cx(axb) = (a-c)b — (b-c)a

As an example of vector manipulation, we simplifg expressionakb) « (axb) :

axb) « (axb) @xb)-.c (definingc = axb)

a- (bxc) (interchanging theand thex)

a- [bx(axb)]

a-[(beb)a - (a- b)b] (using the vector triple product identity)
=ta)(b-b) - (@-b)(a-b)

=f bf* - I+ b’

Actually, in practice, it is rather easier to write

exb)+ (axb) = BF b sif® = B o (1-cosB) = Bf bl - - b ()

12
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3 VECTOR REPRESENTATION OF LINES AND PLANES

3.1 Straight lines in 3D

X

Two separate points define a straight line in 3ace. Leta andb be the position
vectors of the two known points and tebe the position vector of a general point on the.|
The vector equation of the line is then,

r=a+Ab-a)

whereA is a scalar parameter. Wher= 0,r = a, and whem = 1,r =b. By choosing values
of A between—c and +o, every point on the line is obtained.tl{for tangential) is a unit
vector in the direction of the line, then the abege&ation can be written,

r=a+ ut

wherep is a different scalar parameter (unléss® happens to equa). Note that lines can
always be represented in terms of just one scalanpeter.

The vector equation for a line is really threel@caquations rolled into one. To find the
scalar cartesian form, we decompose the vectottieguay writing,

X =a + )\(bl—al)
y =a + Ab—a)
az + )\(b3—a]_)

A more compact way of presenting these equatigns is

X_al _ y_a2 _ Z_a3

= = (: k)
b — & b, —a, b; - ag

13
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X

Another way of writing the vector equation of adlirs,
axr =b

where, as shown in the diagraais a vector tangential to the line amds a particular vector
normal to the line (which then defines the line). donvince yourself that the above equation
really does represent a line, note that the peositextorc of a point on the line must satisfy,

axc=»>b

Equating the two expressions toand using the distributive property of the vegimrduct in
reverse, we find,

ax(r-c) =0
Hence, { — ) is a vector parallel ta and so we can write
r-c=»Aa

which is the equation of a line, in the directidnappassing through the point defined by the
position vector.

14
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3.2 Planes

H(c-a)
(b-a) L

O

Three points define a plane so long as they ddignon a single straight line. & b and
c are the position vectors of the three known poithisn it can be seen from the diagram that
the position vector of a general point on the plane is given by,

r=a+Ab-a + p(c-a

whereA andp are scalar parameters that can take any valueeéet-o and +o. Note that
planes can always be specified in terms of twoasqarameters.

An alternative form of the vector equation for lange can be obtained in terms of a
vectorn normal to the plane. As can be seen from the draghe equation is,

r-a+n =20
Expanding in scalar form, we obtain the well-knovantesian equation for a plane,
X + my + gz = a-n

If n is a unit normal vectorn? +n3 +n3 = )it can be seen from the diagram that the scalar
productae n =d represents the perpendicular distashcé the origin O from the plane.

15
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Two planes define a line unless they are paralld :

Suppose we have two planes defined by the equateons =p and b« r = q. By
comparison with the general equation, we seedratdb are vectors normal to the planes
(not unit vectors, necessarily). The line of inéetson will therefore be parallel to the vector
axb and can be written,

r=c+A(@axb)

wherec is the position vector of any point lying on theel andA is a scalar parameter. Note
that if the vector produaxb = 0 the two normals are in the same direction so thegs are
parallel and do not intersect. Furthermore, if,

oo
I
o |T

the planes are one and the same; instead of aMlénbave a plane of intersection.

Three planes define a point unless their normals are coplanar :

The point of intersection of three planes can hedbby solving the three simultaneous
equations,a-r =p, ber =g andc-r =s. In cartesian component form, these are :

X +ay tagz = p
bix + bpy + bgz = @

Ci1X + Yy + C3Zz = S

16
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Geometrically, we expect a unique solution (a gmint of intersection) unless :

(i) The planes are all parallel but separate, seetis no intersection, or

(i) The planes are all the same, so there is aeptd intersection, or

(i) The three planes intersect along a single,liso there is a line of intersection, or
(iv) Two planes are parallel, so there is no commegrsection, see below, or

In all these special cases, the normals to the thl@nes can be moved so that they are
coplanar. Therefore, the volume of the parallelegighey form is zero. Hence, we can
recognise the special cases becaasd x ¢ = 0.

17
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4 VECTORS AND MATRICES
4.1 Matrix-vector multiplication

The most general way in which the components oé@ora can be transformed by
linear operations into the components of a velgtisras follows :

b1 = Anar+ Apar+ Aas
b, = Agpiar + Apap + Axgag
bs = Agias + Agxap + Agzas

whereA;1, Aj2 etc are constant coefficients. In setting up atbland notation to express these
relationships, we define thaatrix A as the array of coefficients; :

A1 Ao As
A = | A A A3
As1 Asr As3

A can also be writteA;; wherei (= 1, 2, 3) enumerates the rows aqifd 1, 2, 3) the columns.
An easy way of remembering how the subscripts aha@ngrovided by the mnemonic :

|

Writing the vectors andb in column formati(e.,, as %1 matrices), we define matrix-
vector multiplication so that,

by Ay + Appay + Ajzas Al Ao As (&
by | = | Apgdq + Ay + Aggaz | = | Ao A Azl @
bs Ag1ag + Agray t Agads Agy Az As3 )\ 33

In order to satisfy these equalities, thecomponent of the column vectomust be obtained
by multiplying thei™ row of the matrixA by the column vectaa in the sense that,

3
b = D> Aja; = A + Az + Asas
i=1

The matrixA is said tooperate on the vector to give the vectob. With the understanding
that matrix-vector multiplication is implied, wercaow write,

b=Aa

18
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4.2 The transpose of a matrix

Thetranspose A' of a matrixA is defined to be a matrix in which rows and colsrane
interchanged (row 1 ok becomes column 1 &' and so on). Thus,

A Aoy Ay
At = Ay Ay A or A=A
Az Axz Ags

A scalar can be thought of as #llmatrix, so it transposes into itse\f,= A . A vector
a is usually thought of as ax3 matrix, although this is only a convention. If weed the
components set out as a row, we simply write thetoreasa,

a = @ a ag)

This is the same vector but expressed in a diffexery.

4.3 The determinant of a matrix

Every squarenatrix A has a number associated with it called a deteminaitten A|
or sometimes dek. Once again, this is done as a convenient shalfthatation.

a, a
The determinant of ax2 matrix A = ( 1 2) is defined as,

by b,

q A

Al
by b,

= a1y, — ay

& a a3
b, b, bs | isthen given by,

G C C3

by by Pk

The determinant of @ matrixA

+

G C3 G C

_a2

The 22 determinants are obtained by crossing out tis¢ fow and each column in turn of
the original ¥3 matrix. They are called thainors of the 33 determinant. With the relevant
sign in front (+,—, +) they are called theofactors. The representation above is called
‘expansion about the first row’. In fact, a detemamt can be expanded about any row or
column so long as proper attention is given tosiges.

19
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When the &2 determinants are multiplied out, we find,
Al = al(b203 - b3C2) + az(b3C]_ - b]_C3) + ag(b]_Cz - szl)
= afboCs + ahscy + ashicy)) — (aibsc, + adcs + aghycy)

Note the right-handed cyclic order in the firstdket and the left-handed cyclic order in the
second bracket. An easy way of obtaining this esgiom is to write out the matrix with the
first and second columns repeated :

di 2d d3

1 2 3 1 2

The value of the determinant is then the sum othihee products of the three numbers down
the diagonals, d1, d2, d3, minus the sum of theetiproducts of the three numbers down the
diagonals d4, d5, d6.

4.4 Scalar and vector products as matrix operations

In order to express the scalar product as theatiparof a matrix on a vector, we
transpose the first vector into a3lmatrix. Thus,

by
ab = (a a, ag)|by,| = aby + ady +aghs = a-b

bs

Note that,
ab =aeb = bea =bla

Expressing the vector product as the operation wia&ix on a vector is rather more
complicated. Thus,

0 -a3 a)(b azhs — agh,
a3 O _al b2 = asbl - a1b3 = ax b
—a, & 0)\b; b, — aby

20
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Note that the determinant of this matrix is zerotls® matrix has no inverse. Hence,
given the vectoa and the vector produeixb we cannot solve fds. One consequence of this
is that if axb = axc, we cannot assume thht= c. A similar situation exists for scalar
products. Ifa« b anda . c are equal, we cannot assume thatc.

As mentioned earlier, the vector prodagb can also be expressed as a determinant :

i ] Kk ayby — agb
b |32 383 |8 a3 & a 205~ 2
axb =|a a, ag| = i -] + k aghy — ab;
b, by by b by by _
by b, bs ayb, — ahy
This leads us on to prove that the scalar triptelpct can also be expressed as a determinant :
i ] k
a-bxc = (ai +ayj +agk)-|by b, by
G C G
b b
= afi + ay +a3k)-[i s IR P 2]
C G & C3 G G
& d a4
= |bp by by
G C G

It has already been shown tlea¢ b x c is the volume of the parallelepiped formed by
the vectorsa, b andc, and that the sign is changed if we swa@ndc. From this we deduce
the rule for determinants that if two rows (or twolumns) are swapped, the sign of the
determinant changes. On the other hand, a cyctiogtation of rows and columns leaves the
value of a determinant unchanged.

4.5 Simultaneous equations and the inverse of a mat  rix

So far, the matrix has been presented as a wagpoésenting three linear equations
relating each component of a vectoto the components of another vecoMore generally,
however, any set of three linear equations cantitéew in matrix notation. For example, the
equations describing the intersection of threegdaa. r =p, ber =q andce.r =9) are,

X + &y +a,z =p

bix + bzy + bsz

CiX + Gy +C3z = S

21
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In matrix form these are written,

& ay ag|(X p
by by by (Y] = |q
G C G J\Z S

Formally, we can obtain the position vector of gnt of intersectionq y 2)' by
finding the inverse of thex® matrix and using it to operate on the vecpor|(s)'. Thus,

-1

X & 8 &3 P
= |b by by | |q
z C, C C3 S

This procedure assumes that the matrix really @@e an inverse. However, if the normals
to the three planes are coplanar, the volume opéhnallelepiped formed is zeras b x ¢c = 0.
But a « b x ¢ also equals the determinant of the matrix and sodeduce that if the
determinant of a matrix is zero the inverse dog¢®Rrist.

It is important to note that the equation involyithe inverse represents the formal
solution to the original matrix equation. In praeti one never actually solves a set of
simultaneous equations by calculating the invefséh@ matrix, particularly on a computer.
Rather one uses a much more efficient numerichhigoe such aGaussian elimination.

As an example, we check to see if the followingatgpuns have a unique solution :

X1+ 3% + 19%; = 1
X1 - X3 = 3

I + Ko + 166 = 2

The equations can be written,

13 19)(x 1
10 -1 X2 = 3
4 3 16| % 2

Using the diagonal multiplication trick for calctitag the determinant of the matrix, we find,

1 0 -1 = [Ix0x16 + F(-1)x4 + 1XK1x3] —[19x0x4 + Ix(-1)x3 + X1x16] = O

So the inverse of the matrix does not exist antetleeno unique solution to the equations.
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