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1 MATHEMATICAL FUNCTIONS
1.1 The elementary functions of mathematics

Engineering mathematics draws heavily on the ‘elementarytidunst of mathematics
of which there are surprisingly few. Basically, they compriee golynomial functions, the
trigonometric functions, and the logarithmic and exponential functiohsf alhich you will
have met. There are also many ‘special functions’ definegddrcular types of problem but
we shall not be using any of these. For convenience some compositeris are also
defined. In particular, you may not be familiar with the hyperbfiliections, which are
defined as follows :

el +e ¥ . el-e*
coshx = sinhx =
2 2

Not all functions can be represented analytically; indeed, masonable’ curve you
care to sketch on a graph &) versusx will define a function. For mathematical
calculations, such functions may have to be represented numeritadligcaete points.
Alternatively, it may be possible to approximate a function ovesrtaio range by using the
elementary functions, perhaps in some combination. The range over whaybptiogimation
remains accurate may be quite large or quite small dependihgwerihe original function
behaves. This idea of approximating a complicated function with plesirmathematical
expression forms the basis for the following notes.

1.2 The symmetry of even and odd functions

We know thatx* = (-x)> and x* = (x)* and so on for all even powersfWe also
know that x = —(-X) and x* = —=(-x)*> and so on for all odd powers rf Thus, graphs
involving even powers ok are symmetrical about thyaxis, and graphs involving odd
powers ofx are anti-symmetrical. This concept of symmetry is usefuhore general cases
and so we define :

Amven functionf(x) is defined to be one such thitx) = f(x).

Ardd functionf(x) is defined to be one such thigtx) = —f(x).

It can be seen from the graphs below that siné an odd function and coshis an even
function ofx.
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1.3 How to sketch a function

Sketching the graph of a function can often be more useful than plivtimgomputer.
The interesting features of a function are usually the following :

» The values of(x) at salient points such as= -1, 0, 1 and ag —» o .

» Crossing pointsife., the values ok for whichf(x) = Q.

* Maxima and minima [the values wfor whichf'(x) =0].

* Asymptotic behaviourd.g., the behaviour asbecomes very small or large].

For example, we sketch the functionz % - 6x° + 11x - 6
(i) At x=0,y=-6

(i) By inspection, we find that = 1 is a root. Further examination then shows that the
expression factorises into,

y = (x-)(x-2)(x-3) - Crossing points wherg=0 atx = 1, 2 and 3.
(i) Differentiating, we obtain,

, : 12+ ,/144-132
& = 3% -12x+11 - Turning points atx = = 2% 1

dx 6

1
73
X

&

Thus, atx=2 - =1.42,y=0.38, andatx=2+ . 2.58,y=-0.38

NE

(iv) AsX - #oo, y
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We are now in a position to make a sketch of timetion which actually looks like this :

2 APPROXIMATION BY SERIES
2.1 Taylor series

Taylor’s theorem states that any function canxtpaeded as an infinite series around
the pointx = a in the form,

f(x) = f(a) + (x-a) f'(a) + %f"(a) + %f"’(a) .

where f'(a) = df /dx evaluated at = a, etc. If we replace by (x + a), we obtain a series i
wherex (which can be positive or negative) is now theiakson froma,

f(a+x) = f(a) + xf'(a) + X?Tf"(a) + X;f"’(a) + ..

A special case is Maclaurin’s series, obtainedutyipg a = 0 in either of the above forms,

f(x) = f(0) + xf'(0) + X?Tf"(O) + X;f"'(O) + o
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To derive Taylor’'s theorem, note that the objects/to find a power series of the form,
f(a+x) = ag + aX + ax® + agx® + ...

where ayg, a1, ap, as, etc are constants to be determined. Setting0 we finday = f(a).
Successive differentiation then gives the otheffunents :

f'(x+a) =g + 2a,x+ 3a3x2 + .. 5>  a=f'(a)
f"(x+a) = 2a, + 3x2azx + ... -  a=f"@)/2
f"(x+a) = 3x2a; + .. - a=f"(a)/3

Substituting back into the series then gives Taglexpansion.

2.2 Power series expansions of the standard functio  ns

The elementary functions of mathematics all havweay series expansions which can
be derived using Taylor's theorem and which cafobied in the mathematics data book.

2 3 2 4
X X X X
e =1+ x+ 2+ =+ . cosx =1-" + 2+ .
2! 3! 2! 41
2 3 4 3 5
. X X
|n(1+x):x_x_+x__x_+__ sinhx = x + =— + 2 +
2 3 4 3! 5!
3 5 2 4
. X X X X
sinx =X - — + — — .. coshx =1+ — + — +
3! 51 21 4]

2.3 The binomial expansion

The binomial expansion is found by extending &t of multiplying (1 +X) by itself
a times to situations where is a rational number. The result, which can benfbin the
mathematics data book, is,

cr(cr—l)x2 N cr(cr—l)(a'—Z)x3 N
2! 3!

A+x)? =1l+ax +

The binomial expansion is particularly useful f@peoximating the reciprocal of a function.
For example, if we wish to approximate the functipr-x?) ™ when ¥| << 1, we setr=-1:

L L2y s TUDO) 2 45% 4

> : =1-X
(1+x°) 2!
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2.4 The ‘O’ notation

The statement that a complicated function behbkes simpler function in the vicinity
of a particular value of can be made more precise by use of the O not&mrexample, we
can replace the weak statemesit,[J1+ x for k| << 1, by the stronger version,

X =1+ x+ O(x?)

The notation O€) means ‘a constant multiplied b§ plus terms involving higher powers of
X. Note that the ‘approximately equals sign’ hasibeeplaced by an actual ‘equals sign'.

The value of the O notation can be seen froméehiesfor (1 +°)~ given above. Thus,

gy =1 060
1 2, 4 6
e 2) =1-x° + x* + O(x°)
+X

The first statement informs us that there are mmgeof orderd in the expansion as all
neglected terms are of ordérand higher. The second statement is strongeriafoims us
that, not only are there are no terms of osdethere are also no terms of oroer

2.5 Two useful tricks to obtain power series expans  ions
Change of variable

It is straightforward to use the standard exparssizearx = 0 because terms involving
the higher powers of are simply neglected. However, in order to appr@te a function in
the vicinity of a point other thax= 0, it is first necessary to make a substitution.

Example : To approximate sik nearx =174, we lety =x—174. Then :
. . T . T . (m 1, .
sinx = sinf y+—| = sin(y) co§ — | + cogy)sin| — | = ——=(siny + cos
(v+%) = sinty) cod & ] + costyysin %] = (siny + cosy)
Expanding siry and cosy aroundy = 0, we obtain,

: 1 a 5 y? 4 1 y? 3
sink = —|y-2-+0 +1-2_+0 = —|1+y-2 | +0
inx ﬁ{y 3 (y°) o (y") > y =5 (y°)
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Approximation for large values of x

To approximaté(x) for largex, tryy = 1k and examine the behaviouryas. O.

+X

1 1 3
Sin(_] _ Sin(i) _ (L] _ _(Lj L 0()
1+Xx 1+y 1+y 3 1+y

Expanding (1¥) " and (1)~ using the binomial expansion, we obtain,

Example: To approximatesin(li] asx —» o, we lety=1k. Then:

3
sm(l%} =y [1— y+ y2 + O(y3 )] _ y_[]_— 3y + 6y2 + O(y3)] + 06/5)
X 6

5
=y —y?+ Eys + O(yh)

This example shows how important it is to keepkmaicall contributions to the required order
of the approximation. For example, we might naivedye thought that sipf1+ y)] tends to
siny asy — 0, but this is only true to the first ordenjin

2.6 Two examples
Example 1 : Approximate cosix nearx = 1, accurate to terms of order{1)?

Let y=x- 1. Then from the mathematics data book :
coshx = cosh(l+y) = cosh() cosh(y) + sinh@)sinh(y)

2 3

=cosh(l) (1+ % + O(y4)] + sinh(l)(y + % + O(y5)J

=cosh(l) + sinhQ)y + Myz + Sin—g@ys + O(y")

2

where,

-1 =
coshQ) = e+2e . sinh@) = £¢
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Example 2 : Approximate (1+e*) ™! nearx = 0, accurate to terms of ordér
From the mathematics data book :

@L+e*) =1+ (1+ X + X—22 + O(x3)]
Hence,

-1
2
@L+ed? = %(1 + g + —); + O(x3)]

Using the binomial expansion,

- {5 + X—zj + (2 {5 + X_zjz +0(x3)
2 2 4

@+e)™

i 2 2
= 1 1—Z—X_+X_ +O(X3)
2 2 4 4
1 X 3
= — - — + O(x
2 4 )

3 INDETERMINATE FORMS

The functiong(x) = x/tan(x) takes the value 0/0 wher= 0. This is an example of an
indeterminate form meaning that it is impossible to establish itsueain the usual way by
substitutingx = 0. If x is very small, even the output from a computecwation may be
unpredictable in such a situation. We now desdmmeways to overcome this difficulty.

3.1 Power series expansion of the numerator and den  ominator

We suppose thap(x) = f (x)/g(x) and thatf(0) = g(0) = 0. Expanding the numerator
and denominator as power series, we obtain,

fF(x) _ @ +aX+aX® +agx +...
9(X) by + b, x+byX +bex® + ...

Whereay, a3, @, ... andbg, by, b, ... are the constant coefficients in the serigb ag=1(0) = 0
andbp = g(0) = 0. Cancelling a factorwe therefore obtain,
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A FagX+agxs + o a
p(x) = -~

5 -1 as x>0
b, +byx +bgx” + ... b,

If, however,a; = b; = 0, then we cancel anotheand find,

a
o(xX) — b—2 as x- 0

2
and so on.

3.2 [I'Hépital’s rule

I'Hépital’'s rule is a formal version of the analkysdescribed above. Expanding the
numerator and denominator as Taylor series abeul, we obtain,

f() _ (0 +x'(0) +x*f"(Q) /2! +x*£"(0)/3! + ...
g(x)  g(0) + xg'(0) + x2g"(0)/2! + x3g" (0) /3! + ...

Pp(x) =

If f(0) =g(0) = 0, then,

f'(0)
p(X) - —— as x-0
9'(0)
If, further, f'(0) = g'(0) =0, then,
f"(o)
P(X) » ——— as x-0
9" (0)

and so on. I'Hopital’s rule is useful for simplesea but direct series expansion is usually
preferable for more complicated examples.

3.3 Useful limits

The mathematics data book gives some useful liofisommon indeterminate forms.
Particularly important are the following two cases

(i) AsX - oo, In_sx - 0 for anyreal value a§> 0. Thus, ‘any power beats log'.

X

S 4 X

(i) Asx - o, x’e” - 0 foranyreal value & Thus, ‘exponential beats any power’.
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3.4 Asimple example : Find the value ofz(x) = xcotanx asx — O.

As x - 0, x cotanx — 0x co which is indeterminate. In order to get this iatoecognisable
0/0 form, we rewrite the function ag(x) = x/tanx.

For the numerator  f(x) = x, f'(x) =1, f'0) =1
For the denominator g(x) = tanx, g'(x) =seéx, @) =1

Using I'Hopital’s rule,

')
ASX — O, ¢(X) - —— =
9'(0)
3.5 Anotso simple example : Find the value ofp(x) = xz/[l—xcotanx] asx - 0.

As x - 0, x cotanx is indeterminate, and henggx) itself is indeterminate. However, from
the previous example we know thatotanx — 1 asx — 0. Using this result we find,

2
X 0

Asx -0, ¢o(X) = ——M8M— L —— =

o) 1 - xcotanx 1-1

olo

which is no help. We therefore settle down forrgldiaul and substitute cotamr cosx/sin x
because it is easier to work with sin and cos :

2 ..

X“sinXx f(x

o) = — = 1

SinX — XCOSX a(x)
Numerator f(x) = »*sinx - f@O =0
Denominator g(x) = SinX —XCOSX - g0 =0
Numerator f'(X) = 2xsinx + x*cosx - f'0=0
Denomimator g'(X) = cosSx — cosX + XSinx - g'@© =0
Numerator f"(X) = 2sinx + 2XcoSX + 2XCOSX — X2 sinX - f"0)=0
Denominator g"(x) = sin X + XCOSX - 0"(0) =0

Numerator f"(x) = 2cosx + 4cosXx — 4xsin X — 2XsinX — x>cosx - f" 0) =6
Denominator g"(X) = cOSX + COSX — XSinX - g"(0) =2

Using I'Hopital’s rule,
f"l (O)

Asx - 0, p(X) - —
9"(0)

:§:3
2
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We now see whether the job would have been angreasing direct series expansion. Thus :

f(x) = x?sinx = x2 x—X—3+X—5+O(x7) = x3—x—5 + O(x")

3! 5! 6

3 5 2 4
= sinx- = x=X X Loy |- x1- X+ X s opd

g(x) = sinx— Xxcosx = {x 3 + = + O(x )] x{l o + 4 + O(x )]

3 5

X _X ox")

3 30

3
Asx - 0, f(xX) - xS + O(x5), ax) - X?+ O(x5), and henceg(x) —» 3

10



